Topological superconductors are gapped superconductors with protected Majorana surface/edge states on the boundary. In this paper, we study the Josephson coupling between time-reversal invariant topological superconductors and s-wave superconductors. The Majorana edge/surface states of time-reversal invariant topological superconductors in all physical dimensions 1, 2, 3 have a generic topological property which we named as time-reversal anomaly. Due to the time-reversal anomaly, the Josephson coupling prefers a nonzero phase difference between topological and trivial superconductors. The nontrivial Josesphon coupling leads to a current-flux relation with a half period in a SQUID geometry, and also a half period Fraunhofer effect in dimension higher than one. We also show that an in-plane magnetic field restores the ordinary Josephson coupling, as a sharp signature that the proposed effect is a consequence of the unique time-reversal property of the topological edge/surface states. Our proposal provides a general approach to experimentally verify whether a superconductor is topological or not. A robust topological state of matter should be characterized by topological effects that qualitatively distinguishes it from trivial states. The first topological effect for TRI TSC was proposed in Ref. [7] which considered the time-reversal property of a pair of Majorana zero modes in a TRI vortex defect of 2D TSC. As a consequence of the Majorana zero modes, the time-reversal symmetry maps a state with odd number of fermions in the zero modes to one with even number of fermions. This is due to the following equation
In recent years, topological states of matter such as topological insulators (TI) and topological superconductors (TSC) have attracted tremendous theoretical and experimental interest [1] [2] [3] . The first example of TSC is the time-reversal breaking (p + ip)-wave superconductor of spinless fermions in two-dimensions [4] . More recently, a new class of TSC was proposed in three-dimensional (3d) time-reversal invariant (TRI) superconductors [5] [6] [7] , which has time-reversal invariant pairing order parameter in the bulk, and two-dimensional massless Majorana fermions with linear dispersion on the boundary. Candidate materials of TSC include the 3 He B phase [5] [6] [7] [8] , Cu-doped Bi 2 Se 3 [9] [10] [11] and p-type TlBiTe 2 [12] .
A robust topological state of matter should be characterized by topological effects that qualitatively distinguishes it from trivial states. The first topological effect for TRI TSC was proposed in Ref. [7] which considered the time-reversal property of a pair of Majorana zero modes in a TRI vortex defect of 2D TSC. As a consequence of the Majorana zero modes, the time-reversal symmetry maps a state with odd number of fermions in the zero modes to one with even number of fermions. This is due to the following equation
where γ 0↑,↓ are the Majorana zero modes which form a Kramers pair: T −1 γ 0↑ T = γ 0↓ , T −1 γ 0↓ T = −γ 0↑ . iγ 0↑ γ 0↓ is the fermion number parity operator with eigenvalue ±1. The fact that time-reversal transformation changes fermion number parity is generic for any Kramers pair of Majorana zero modes, which applies to the edge/surface states of TRI TSC in all physical dimensions D = 1, 2, 3. Since fermion number should be preserved microscopically by time-reversal transformation, the anti-commutation between time-reversal and fermion number parity given by Eq. (1) is an emergent property and cannot be modified by any local perturbation to the TSC. This property requires the gaplessness of the surface states, since the lowest energy state with even and odd number of fermions are required to be degenerate. Conversely, opening a gap at the surface state necessarily breaks TR symmetry. We name this property of TSC as time-reversal anomaly due to its similarity to the parity anomaly [13, 14] . The time-reversal anomaly can in principle be measured if one can measures the fermion number parity near an edge. However, it is practically difficult to measure fermion number parity. Other topological effects have been proposed [15] [16] [17] but their experimental observation are also highly nontrivial.
In this paper, we translate the time-reversal anomaly into a topological Josephson effect which is easy to measure in current experimental techniques, and can be used to distinguish TSC from ordinary SC in all physical spatial dimensions D = 1, 2, 3. Similar to Refs. [15, 17] , we consider the Josephson coupling between TSC and swave superconductors. The regular Josephson coupling in such a junction is very weak due to different pairing symmetry, but the Majorana surface states induce a nontrivial Josephson coupling which is qualitatively different from the ordinary case. Since the surface state is protected by time-reversal symmetry, it remains gapless if the relative phase between TSC and s-wave superconductor is 0 or π, while it generically becomes gapped for θ = 0, π. Since opening a gap in the surface states can save energy, this simple reasoning leads to the dramatic conclusion that the lowest energy state of such Josephson junction does not occur at relative phase θ = 0 or π, but somewhere between 0 and π. Furthermore, the timereversal anomaly Eq. (1) tells us that the ground state at relative phase θ and −θ have opposite fermion number parity, since they are related by time-reversal. Consequently the system cannot stay at the lowest energy state if the fermion number at the junction is conserved. We studied the behavior of the topological Josephson cou-pling for both systems with a conserved fermion number and those with a fluctuating fermion number which may be induced by disorder states in a real system. For fixed fermion number the Josephson effect has a phase shift determined by the fermion number. For fluctuating fermion number the Josephson effect has a doubled frequency. In both cases the junction is qualitatively different from an ordinary Josephson junction, which can be detected in the behavior of a SQUID (superconducting quantum interference device) and in the Fraunhofer effect (for D = 2, 3). In particular, in D = 1 or D = 2 we show that an in-plane magnetic field comparable with the pairing gap at the Josephson junction can drive the junction back to a normal one, which provides a clear signature that time-reversal symmetry plays an essential role in the topological Josephson effect. [18] Model Hamiltonians
Although our proposal applies to a generic TSC, for the concreteness of our discussion we would like to start by defining some model systems for TRI TSC. The TSC in D = 1, 2, 3 can all be realized in the following lattice Bogoliubov-de Genne (BdG) Hamiltonian (2) In D = 2 (3), the model is defined on a square (cubic) lattice, so r denotes the lattice sites andê i 's (i = 1, 2, .., D) are the orthogonal unit vectors. σ = (σ x , σ y , σ z ) denotes the Pauli matrices, and s =↑, ↓ the electron spin index. The TRI TSC phase requires the chemical potential is in the range −2Dt < µ < −2(D − 2)t.
Josephson effect in 1D TSC
We start from 1D TSC, which gives us the clearest example of how the Josephson coupling between the TRI TSC and the s-wave SC arises from time-reversal symmetry breaking. 1D is distinct from 2D and 3D in the sense that there is a finite gap separating the Majorana zero modes with other quasi-particle excitations. The candidate material for the 1D TRI TSC include a class of quasi-1D organic superconductors [19] and LiMO [20] . As will be discussed below, such a gap makes it possible to probe the "TR anomaly" of Eq. (1), i.e., the fact that time-reversal changes the fermion number parity of the Majorana zero modes.
The 1D Josephson junction we consider here is described by the Hamiltonian H = H p + H s + H 1 , with H p the Hamiltonian of a 1D TRI TSC chain given by Eq.14, H s that of an s-wave superconducting chain and H 1 a weak spin-conserving hopping between the first site of TSC chain and the last site of s-wave chain:
For small coupling δt we can study the Josephson coupling by perturbation theory. Since the TSC and the s-wave SC are both gapped, the main effect of a small δt is to couple the Majorana zero modes at the boundary of TSC. We start from a special case µ = 0, ∆ = t for the p-wave chain, in which case the TSC Hamiltonian can be written as [21] , in which case the Majorana zero modes are completely localized at the boundary site: γ 0σ = c 1σ + c † 1σ . Therefore the interchain hopping H 1 can be written as
. Only the zero mode terms contributes to the second order perturbation, giving the simple effective Hamiltonian
where ∆ ′ is the pairing gap of the s-wave chain and φ its phase; our gauge is set to give us a real δt and T . . . denotes the time-ordered expectation value. This effective Hamiltonian has time-reversal symmetry, both sin φ and iγ 0↑ γ 0↓ being time-reversal odd.
The effective Hamiltonian of Eq. (4) is valid for generic parameters µ, ∆, for which the Majorana zero mode γ 0σ is not completely localized at the first site. This is because the zero mode term of the inter-chain coupling
.. remain identical up to a constant factor that comes from the mode expansion c 1σ = u 0 γ 0σ + n =0 (u n γ nσ + v * n γ † nσ ), where γ nσ (γ † nσ )'s are annihilation (creation) operators of finite energy quasi-particles.
Due to its dependence on the local fermion number parity iγ 0↑ γ 0↓ , the effective Hamiltonian Eq.(4) can give us a nonzero Josephson current at φ = 0, π. This is because there is a limit where iγ 0↑ γ 0↓ is quasi-conserved so our Josephson coupling should be taken to be E ± = ±J sin φ for iγ 0↑ γ 0↓ = ±1 respectively. This gives us the Josephson current of I(φ) = ±I c cos φ, where I c ≡ 2eJ/h, which is nonzero at φ = 0, π. This is the physical signature of our TR anomaly -the local fermion number parity eigenstate breaking time-reversal symmetry. We emphasize that this is a generic property of the TRI TSC.
The above Josephson current from TR anomaly is physically observable for a sufficiently large Josephson frequency ω J = 2eV /h. In a clean system, the local fermion number parity is absolutely conserved at T = 0, while in a realistic system, it may change, e.g. by a fermion leaking out of the zero modes to some impurity sites. We denote the rate of fermion parity changing process as 1/τ . Therefore in the fast limit ω J ≫ 1/τ , iγ 0↑ γ 0↓ would not change in many Josephson period, i.e. it is quasi-conserved. On the other hand, in the slow limit ω J ≪ 1/τ , the system would stay at the ground state energy E G = −J |sin φ| of the the effective Hamiltonian Eq.(4), as it has enough time to relax into the lowest To relate this behavior of Josephson junction to physical observable effects, we now consider a DC SQUID built from two of such Josephson junctions. We now consider the TRI TSC chain to be finite and is coupled to the s-wave chain through hopping at the both ends of the chain, with flux Φ through the SQUID, as shown in Fig. 1 A. Each of two junctions has a Kramers doublet of Majorana zero modes γ 0σ and γ ′ 0σ , where γ
for the case of µ = 0, ∆ = t. Therefore, the effective Hamiltonian of this SQUID is
where Φ 0 = h/2e is the unit quantum flux and
are two local fermion number parities. The behaviors of this SQUID in the fast and slow limits are qualitatively different. In the slow limit ω J τ ≪ 1, the system stays at the lowest energy state with the energy E J = −J[| sin(φ−πΦ/Φ 0 )|+| sin(φ+πΦ/Φ 0 )|], so that the current-flux relation is
As shown on the left plot of Fig. 1 B. , there are sharp jumps in the current four times every period due to the fluctuation of the electron parity of each junction except at Φ = nΦ 0 and Φ = (n + 1/2)Φ 0 where the electron The Zeeman field of magnitude gµBh/∆ = 0.02 applied along the junction (red) and perpendicular to the junction (blue). While the field along the junction changes the location of discontinuity and eventually removes it altogether, the field perpendicular to junction has negligible effects.
parities of two junctions fluctuate together to give us the maximum current oscillation amplitude. Due to the TR anomaly, whether this DC SQUID behaves like a normal SQUID or a π-SQUID in the fast limit ω J τ ≫ 1 is determined hysteretically. As we have Josephson oscillation without the fermion number parity fluctuation in the fast limit, we have four possible current-phase relations depending on the eigenvalues of
We see that we have a normal SQUID for the even total fermion number parity N F 1 N F 2 = +1 and a π-SQUID with zero supercurrent at integer flux but maximal supercurrent at half-integer flux for the odd total fermion number parity N F 1 N F 2 = −1. We now note that even in the slow limit, the SQUID is in the N F 1 N F 2 = +1 eigenstate at Φ = nΦ 0 and the N F 1 N F 2 = + − 1 eigenstate at Φ = (n + 1/2)Φ 0 as N F 1 and N F 2 fluctuate together at these flux values. Therefore we can obtain the π-SQUID is by ramping up the DC voltage from the slow to the fast limit while the flux is fixed at Φ = Φ 0 /2, the normal SQUID by going through the same process at zero flux. The effect of Zeeman field also reveals the unconventional nature of this Josephson junction. The Zeeman field breaks time reversal invariance and provides an alternative channel for gapping out the Majorana zero modes. To the leading order, our effective Hamiltonian of a single junction is modified to
where g is the g-factor of the normal state of TRI TSC, µ B the Bohr magneton, and h is the effective Zeeman field, andn is a unit vector along the junction [8, 22] . We can see that there is no level crossing between the even and odd parity states once h ·n > J/(gµ B ), giving us a normal Josephson junction with no Majorana 
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A. zero modes. The numerical calculation shown in Fig.  2 confirms both the sensitivity to the Zeeman field direction and the absence of level crossing at sufficiently strong field. Lastly, we note that the effect the Zeeman field adds to the Josephson coupling implies both the spin accumulation at the junction [23, 24] and the Zeeman field induced s-wave pairing on the boundary of the TRI TSC. We will show that the same effects exist when the Majorana boundary states gets gapped in the higher dimensions.
Generalization to higher dimensions
In higher dimensions, we can still detect through the Josephson effect a Zeeman field induced s-wave pairing at the boundary of a TRI TSC. This effect does not come from the Majorana zero modes; in fact, in the higher dimensions we are always in the slow limit ω J τ ≪ 1 as the boundary state of of a TRI TSC has macroscopic number of modes forming a continuous spectrum. However, the Josephson effect can be studied by considering a weak tunneling between TSC and an s-wave superconductor just as in 1D. For 2D the tunneling Hamiltonian can be written as
(n = 1, 2, ..., N y labels the boundary sites), and it has a similar form for 3D. In both 2D and 3D, this coupling can only open a gap when the relative phase φ = 0, π just as in 1D.
The period doubling of the Josephson coupling in the higher dimension can be obtained for the weak tunneling limit by the second order perturbation theory exactly analogous to that of the 1D case. Here we will omit the detail of the perturbation expansion and directly write down the effective edge theory induced by the coupling. For the 1D Majorana edge state of 2D TSC, the effective Hamiltonian is
As required by TRS, the mass term is proportional to sin φ; in fact it is roughly the same as the 1D Josephson coupling and therefore also proportional to (δt)
2 . The 2D Josephson energy is determined by the ground state energy of the effective model (9) defined with respect to that of the M = 0 system:
In the thermodynamic limit the sum becomes an integral and we obtain the energy and current phase relation
where I c ∝ M 2 . While the current-phase relation does not have discontinuity as in 1D, it does have a logarithmic singularity at φ = 0, π; this also shows up in the numerical calculation plotted in Fig. 3 A. As a consequence of the contribution from macroscopic number of modes, the Josephson current has a doubled frequency. Eq. (10) remains valid for junctions between 3D TSC and s-wave superconductors, but there it gives us a 2D integral. Consequently, in the 3D case the junction has a doubled frequency without singularity: I(φ) = I c sin 2φ.
The in-plane Zeeman field in 2D can erase out this period doubling, thus affecting the TSC Josephson junction more dramatically than in 1D. Analogous to Eq.8, the Zeeman effect leads to an additional contribution to the gap of the edge state in the effective Hamiltonian (9)
withn the unit vector along the edge normal. This modification will induce an ordinary 2π periodic Josephson coupling, since the current-phase relation is modified to
whereh ≡ gµ B h ·n. In fact this formula tells us that for |h| ≫ |M | our Josephson coupling becomes essentially conventional, with the effective critical current nearly proportional to the in-plane field. Given |M | ∝ (δt) 2 , this crossover occurs in the |h| ≪ δt regime, which is confirmed by the numerical calculation shown in Fig. 3 B. The underlying reason is that the Zeeman energy term of Eq.(12) induces s-wave pairing correlation, which can be seen clearly in the real space basis. In fact, for the TRI TSC of Eq.(2) we cannot gap out the Majorana boundary state without inducing the s-wave pairing correlation.
This in-plane Zeeman field induced change in periodicity can be also seen in the Fraunhofer diffraction in a single Josephson junction. When the magnetic field is completely perpendicular, the Fraunhofer diffraction pattern for 2D has zeros at both nΦ 0 and (n + 1/2)Φ 0 . We can see this by noting that the 2D Josephson current has only even harmonics and therefore can be expanded as I(φ, Φ) = m I 2m [sin(2πmΦ/Φ 0 )/2πmΦ/Φ 0 ] sin 2nφ. However if one measures the Fraunhofer pattern in a canted magnetic field with both perpendicular and inplane components, Eq. (13) gives us nonzero odd harmonics in the current phase relation as shown in Fig. 3 B. , which leads to non-zero critical currents at half-integer fluxes as shown in Fig 3 (d) . This restoration of the ordinary Josephson coupling provides a sharp experimental signature of the TSC.
Summary
We studied the topological Josephson coupling between the TRI TSC and the conventional superconductor for D = 1, 2, 3 which is qualitatively different from ordinary Josephson effect. The effects proposed originate from the time-reversal anomaly-the anticommutation between the time reversal operation and the local fermion number parity of the topological edge/surface states. In 1D, the DC SQUID made of two such junctions can hysteretically behave either a normal or a π SQUID. In 2D and 3D the Josephson coupling has a π periodicity, leading to a half period Fraunhofer pattern and a half period DC SQUID. Since the topological coupling is determined by the time-reversal protected edge/surface states, a Zeeman magnetic field breaking time-reversal symmetry is predicted to restore the normal behavior in the junction, and induce a cross-over of the topological Josephson junction back to a normal one.
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